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Abstract 

We construct a nontrivial inverse system of Cuntz algebras {O n : 
2 < n < oo}, whose inverse limit is ^-isomorphic onto Ooo- By using 
this result, it is shown that the -Ko-functor is discontinuous with respect 
to the inverse limit even if the limit is a C*-algcbra. 
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1 Introduction 

In this paper, we construct a nontrivial inverse system of Cuntz algebras 
{O n : 2 < n < oo}, whose inverse limit is Otx,: 

^mOn^Ooo. (1.1) 

In order to explain (jl.ip . we will recall inverse system of C*-algebras and 
pro-C*-algebra, and show the construction of the inverse system in this 
section. 

1.1 Unital *-homomorphisms among Cuntz algebras 

Our study is motivated by well-known facts of unital *-homomorphisms 
among Cuntz algebras. Hence we start with their explanation in this sub- 
section. For unital C*-algebras A and B, let Hom(A, B) denote the set of all 
unital *-homomorphisms from A to B and let -Ko(^4) denote the -Ko-group 
of A 0. 
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Fact 1.1 For 2 < n < oo, let O n denote the Cuntz algebra f77]/ . Then the 
following holds: 

(i) For 2 < n < oo and a unital C* -algebra A, if f £ Hom(^4, O n ), then 
the induced homomorphism f from Kq(A) to Kq^Ou) is surjective. 

(ii) For 2 < m,n < oo, Hom(O m , O n ) ^ if and only if there exists a 
positive integer k such that m = (n — l)k + 1. 

(iii) For any 2 < m < oo, Hom(O m , Coo) = 0- 

(iv) For any2<n<oo, ^111(000, O n ) / 0. 

Proof, (i) From Example 6.3.2 in [5], the class of the unit of O n is the 
generator of Ko(O n ). Since / maps the class of the unit of A to that of O n , 
the statement holds. 

(ii) This holds from Lemma 2.1 in [25] (see also [H], pl64,V.16.) In § Ql 
we will given concrete *-homomorphisms among Cuntz algebras. 

(iii) From [UJ, K (O n ) ^ Z/(n- 1)Z (2 < n < 00) and K (Ooo) = Z. From 
these and (i), the statement holds. 

(iv) This will be shown by using concrete *-homomorphisms {/ n ,oo : ^ > 1} 
in (fLTOjl . I 

About homomorphisms among Cuntz algebras, more general results are 
known (|20|. Lemma 7.1.) 

Since O n is simple for each n, any unital *-homomorphism from O n 
is injective, hence it is an embedding of O n . For examples of Fact ll.l( ii). 
the following embeddings among O2, ■ ■ ■ ,0$ (except endomorphisms) are 
illustrated as follows (|28j. §2.1): 




where an arrow 11 A — > B" means a unital embedding of A into B. For 
2 < n < m < 8, there is no unital *-homomorphism from O m to O n if there 
is no oriented path from O m to O n in Figure [TT2"1 
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Remark 1.3 In pl84 of [IT], there is a statement about embeddings among 
Cuntz algebras as follows: 

2 D0 3 DO A D ...DOoo. (1.2) 

It is explained that (|1.2p is given by using the induction for the construction 
of a certain unital embedding of O3 into 02 • However, (|1.2p never means 
unital embeddings because of Fact ll.lf ii) except "02 3 CV' and "D Coo" ■ 

On the other hand, there exist well-known two orders on the set N of 
all positive integers {1,2,3, . . .}. The first is the standard linear order <, 
that is, 1 < 2 < 3 < • • • . The second is the order ^ on N ([Bj, §1.11) defined 

as 

m ^ n if m divides n. (1-3) 

This relation m ■< n is usually written as m\n in number theory [21]. Both 
(N, <) and (N, ■<) are directed sets, but (N, ^) is not a totally ordered set, 
which is illustrated as the following directed graph (except relations n <n): 



Figure 1.4 1 

^ 2 / 5 7 

4 6 

By comparison with Figure [L2l it is clear that Figure [L41 is just the graph 
with inverse direction of Figure 11.21 by rewriting their suffix numbers. This 
idea is rigorously verified by using Fact 11,1 H i) and we can restate Fact ll.l( ii). 
(iii) and (iv) by using the order < as follows. 

Corollary 1.5 Let N = N U {00} and extend ■< on N as 00 ■< 00 and 

n ^ 00 for each n € N. Then, for n, m G N, 

Hom(0 m+ i, O n+ i) ^ if and only if n <m (1-4) 



where n + 00 means 00 /or convenience. Especially, {1.4y holds for each 
n,m G N, and t/iere exzsis no unital *-homomorphism from O m to O n when 
n> m. 

From Corollary 11.51 if there exist the following unital inclusions 

O ni+1 D O n2+1 D O nz+1 D ■ ■ ■ (1.5) 

for {nj G N : i > 1}, then we obtain order relations n\ ■< n% < n% ^ • • • . 

It is well-known that the order ^ is used in the theory of profinite 
groups [39]. A profinite group is defined as an inverse limit of finite groups. 
From this and Corollary 11.5 \ the following questions are inspired. 
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Question 1.6 (i) Does there exist an inverse system of Cuntz algebras 
{0 n +i : 1 < n < 00} over the directed set (N, ■<) with respect to 
embeddings in Figure ["OI ? 

(ii) If such an inverse system in (i) is found, then what-like algebra is the 
inverse limit? 

(iii) If the answer to (ii) is given, then what is the meaning of this result? 
The purpose of this paper is to give answers to these questions. 

1.2 Inverse limits of C "-algebras 

In order to consider inverse limits of Cuntz algebras in Question 11.61 we 
recall previous works of inverse limits of C*-algebras in this subsection. 

According to Phillips [37], Fragoulopoulou [18] and Joi^a [25], inverse 
limits (or projective limits [I3j [36]) of C*-algebras were studied by differ- 
ent names in the literature as follows: b*-algebras (Allan p], Apostol [2]), 
LMC*-algebras (Lassner [31], Schmudgen [43]), l.m.c.C*-algebras (Mallios 
[34]). locally C*-algebras (Inoue [23], Fragoulopoulou [UJ), generalized op- 
erator algebras (Weidner [MKUJ), F*-algebras (Brooks [HI]), <7-C*-algebras 
(Arveson [3]), or pro-C*-algebras (Voiculescu [33]). 

Next, we recall definitions and basic facts, where notations are slightly 
changed from |37] , Let (D ,<) be a directed set |30j, that is, D is a non- 
empty set and < is a binary relation on D which satisfies the conditions: 
For all a, b, c (E D, we have a < a; if a < b and b < c, then a < c; if a, b € D, 
then there exists c € D such that a < c and b < c. Such < is called a 
preorder [6]. We call < an order in this paper for simplicity of description. 
For every concrete directed set (D, <) in this paper, the order < satisfies 
the antisymmetric law, that is, if a < b and b < a, then a = b. 

Definition 1.7 Let (D, <) be a directed set. 

(i) A data {(Ad,^pd,e) '■ d, e 6 D} is an inverse system (or projective 
system 14 4f ) °f C* -algebras if is a C* -algebra for each d € D and 
ipd t e is a *-homomorphism from A e to A^ when d < e such that (fd,e 
<Pe,f = <Pd,f when d<e<f, and ip d>d = id Ad . 

(ii) The inverse limit (A, {ir^deD) of an inverse system {(Ad, ^Pd,e) '■ d,e 6 
D} of C* -algebras is a topological *-algebra A and a *-homomorphism 
7Td from A to Ad such that the following conditions hold: 

(a) ifd, e vr e = 7Trf when d < e, 
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(b) for any *-algebra B and *-homomorphisms {r/d}deD, Vd ■ B — > 
Ad, which satisfy (fd e o n e = rjd when d < e, there exists a unique 
*-homomorphism ip from B to A such that 7r<j o tjj = r)d for each 
deD, 

(c) the topology of A is the weakest topology such that every -Kd is 
continuous. 

In this case, A is written as ]^m D (Ad, tfd.e) or hni (^4<ji <Pd,e)> an d ^d 
is called the canonical homomorphism (or projection \39$ . canonical 
mapping JU$.) 

(iii) A pro -C* -algebra A is a complete Hausdorff topological ^-algebra over 
C whose topology is determined by its continuous C* -seminorms in the 
sense that a net {a\} converges to if and only ifp(a\) — > for every 
continuous C* -seminorm p on A. 

(iv) An inverse limit of C* -algebras over a countable directed set is called 
a a-C -algebra. 

From "1.2. Proposition" in [37], a C*-algebra A is a pro-C*-algebra if and 
only if it is the inverse limit of an inverse system of C*-algebras. Any C*- 
algebra is a pro-C*-algebra. For any inverse system {(Ad,ipd,e) '■ d, e £ D}, 
the inverse limit hni (A^, <£d,e) is given as the following subset of the product 
set Wd&D A d- 

{{ x d) £ Ad : ifd : e( x e) = Xd for all d,e E D such that d < e}. (1-6) 
deD 

In general, a pro-C*-algebra is not a C*-algebra (see "1.3. EXAMPLE" in 
[2]), but the inverse limit of a special inverse system of C*-algebras is also 
a C*-algebra as follows. 

Fact 1.8 Let {(Ad,<fd,e) '■ d,e € D} be an inverse system of C* -algebras. 
We write ]^m(Ad, (Pd.e) as hjnA^ for simplicity of description. 

(i) If <fd,e is injective for each d,e, then l^im Ad is a C* -algebra. 

(ii) If {A n : n € N} is a sequence of inclusions of C* -algebras such that 
A n D A n+ \ for each n € N, then the inclusion map u n : A n+ \ A n 
induces an inverse system over (N, <) such that hjn A n is ^-isomorphic 
onto f] n>1 A n as a C* -algebra. 

(iii) If Ad is unital and simple, and fd, e is unital for each d,e € D, then 
limyl^ is a unital C* -algebra. 
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(iv) If there exists the maximal element uj of D, then l^mA^ = A w . 

Proof. Since an injective *-homomorphism is an isometry, (i) holds from 
Definition II .7f ii)(c), (ii) and (iii) hold from (i). (iv) holds from (jl.6p . | 

When an inverse limit of C*-algebras is a C*-algebra, it is not interesting as 
a pro-C*-algebra, but it does not mean the triviality of the inverse limit as 
a C*-algebra. 

Next, we consider the inverse limit of Cuntz algebras in general setting. 
(About inductive (or direct) limits of Cuntz algebras, see [201 [331 HD]-) Since 
any Cuntz algebra is unital and simple, the inverse limit of any inverse 
system of Cuntz algebras by unital *-homomorphisms is a unital C*-algebra 
from Fact ll.8tl ii). By Corollary 11.51 and Fact ll.8l fiv). the following holds. 

Fact 1.9 Let (N,^) be as in Corollary \1.5l and let {(O n (d)+i, 9?d,e) ■ d,e £ 
D} be an inverse system of Cuntz algebras over a directed set (D, <) such 
that {n(d) G N : d G D}. We assume that (fd,e is unital for each d, e. 

(i) The map 

F:D->N; d^F(d)=n(d) (1.7) 
is an ordered set homomorphism from (D, <) to (N, <). 

(ii) If there exists the maximal element u of D, then hni O n (d)+i — ^n(w)+i- 

Remark that F in (jl.7p is not injective in general. There are many endo- 
morphisms of Cuntz algebras [3 [29] . 

Let (N, ^n) be as in Corollary 11.51 Define the order < c on the set 
{O n+ \ : n G N} of all Cuntz algebras as 11 A < c B if and only if Hom(i, B) / 
0." Then {{O n+ \ : n € N}, ^ c ) is anti-isomorphic onto (N, ^) as an ordered 
set with respect to the mapping n i— >■ O n+ \. 



1.3 An inverse system of Cuntz algebras 

In this subsection, we construct an example of inverse system of Cuntz 
algebras as an answer to Question ll.6( i). For the directed set (N, in f 1 1 . 3 1) . 
define the inverse system {{R n , fn,m) '■ n,m G N} of C*-algebras as follows: 
For 2 < n < oo, let Sj , . . . ,s^ denote the Cuntz generators of O n , that 
is , ( S P)* S ^ = Sij I for i,j = 1, . . . ,n and ^(s^y + ■■■ + s^(s^)* = I. 
For convenience, rewrite O n +i as 

R n = O n+1 (n G N). (1.8) 



G 



This notation is reasonable with respect to the if -theory of Cuntz alge- 
bras and Corollary 11.51 (About such a notation, see also [3], which is not 
related to the inclusions in Figure 11.21 ) Remark that R n is generated by 
■ ■ ■ > s n+l^ by definition. When n < m and n ^ m, define the *- 
homomorphism f njUl from R m to R n by 

f ( q ( m + 1 )\= rs (n+l)y s (n+l) (1 = 0,1,...,% -1 

Jn,m\i> nl+i ) ~ \i> n+1 ) h i \ i = I 



5 * * * ? 



n 

(1.9) 



f ( s ( m+1 h = < s {n+1) )f 



where (s^+i. 1 )° means the unit of Rn for convenience, and define f n>n as the 



identity map idg^ on R n . A graphical explanation of (jl.9p will be given in 
§ 13.21 Then the following holds. 

Theorem 1.10 Let R n and f n ,m be as in il.8\) and hi. 9$ . respectively. 

(i) The data {(R n , fn,m) ■ n,m G N} is an inverse system of C* -algebras 
over the directed set (N, that is, the relation f n ,m°fm,l = fn,l holds 
when n <m <l. 

(ii) Let {s^ 00 "*, s£°\ . . .} denote the Cuntz generators of Coo- For n € N, 
define the embedding f n>00 of into R n by 

/«,<»(-£&) = (i = 1, • ■ ■ ,n, / > 0). (1.10) 

Then {f nj0 o '■ n £ N} satisfies 

fn,m°fm,oo = fn,oG when n ^ m. (1.11) 

(iii) Every f n ,m ^ n hl.9\) and Iil.l0\) is irreducible, where we state that f € 
Rom(A,B) is irreducible if f(A)' n B = CI. 

We illustrate relations of maps in Theorem 11.101 as the following com- 
mutative diagrams where we assume n <m: 
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Figure 1.11 




Rn — On+l 



Remark 1.12 Every f n ,m in (11. 9j) and fll . lQf) is unital and injective, but 
not surjective when n ^ m. Such *-homomorphisms were given in \26\ 
128] . hence they are not new, but their relations of inverse system are new. 
The essential part of Theorem ll.lOfi ) is the construction of formulas in 
(jl.9p . The proof is given by simple algebraic calculation. We make a point 
that Corollary 11.51 itself does not show the existence of any inverse system 
of Cuntz algebras over the directed set (N, X). Inversely, it is interesting 
question whether the existence of such an inverse system of Cuntz algebras 
with unital *-homomorphisms is shown only from Corollary 11.51 and general 
theory without use of concrete construction of *-homomorphisms. 

For an example of fnm m Ql-9p . the *-homomorphism /i 2 : R2{= 
O3) — > R\(= O2) is given as follows: 

/l,2(si) = Sl, /1,2(S2) = S 2 S 1 , fl,2(s 3 ) = S 2 S 2 (1-12) 

where s\,S2 and si,S2,s^ denote Cuntz generators of O2 and O3, respec- 
tively. A similar *-homomorphism was given by Cuntz's original paper (|11|, 
pl83). For the first time, the author knew f 1 1 . 1 2 1) from Akira Asada who con- 
structed fi >2 , and (II. 9p is a generalization of fll . 121) . 

1.4 Inverse limits of Cuntz algebras 

In this subsection, we show the inverse limit of the inverse system {(Rn, f n ,m) ■ 
n, m € N} in Theorem II. 10f i). which is the answer to Question ll.6f ii). The 
problem is solved in slightly generalized setting. 

Theorem 1.13 Let {(R n , fnm) '■ n,m E N} be as in Theorem \1.1(A For 
a directed subset A of (N, X), let 0(A) denote the inverse limit lim ^ R n of 
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the subsystem {(Rn, f n ,m) '■ n,m G A} of the inverse system {(R n , f n ,m) '■ 
n,m G N}; 

6(A) = ]imR n . (1.13) 

A 

T/ien i/ie following holds: 

(i) Assume that A is an infinite totally ordered subset of (N, -<) such that 
A = {ni,n2, ■ ■ ■} and n\ -< ni -< ■ ■ ■ . For {/n i00 : n G N} m M.10\) , 
define the *-homomorphism from Oqo to 0(A) by 

i>h{x) = (fn u oo(x), fn 2 ,oc(.x), ■■■) (x G Coo) (1-14) 

where O(A) is identified with the standard form U.6\) . Then ip\ is a 
^-isomorphism such that 

vr„o^ A = / nj00 (n £ A) (1.15) 

where -K n denotes the canonical homomorphism from 0(A) to R n . 

(ii) For a directed subset A of (N, X), f/ie following holds: 

{O n+1 (3iV = maxA), 
(1.16) 
Ooo (otherwise). 

Especially, when A = N, we obtain 

l^mRn^Ooo. (1.17) 

The proof of Theorem 1 1 . 1 3 1 will be given in §[2j The crucial part of the proof 
is the surjectivity of V'A in f|l ■ 14[) . From Theorem |1.13( i) for A = N, the 
data (Coo, {/n,oo}neN) is the inverse limit of {(R n , f n ,m) '■ n,m G N} in the 
sense of Definition 11.7( h) . 

As a counterview of Theorem II. 13( h). we can say that Coo can be 
written as an inverse limit of C n 's. From this and Definition |1.7( ii)(b). the 
following corollary immediately holds. 

Corollary 1.14 Let {f n ,m ■ n,m G N} and {f n ,oo '■ n G N} be as in il.9\) 
and Iil.l0\) . respectively. If a *-algebra B and *-homomorphisms {ffalneN, 
rj n : B — > C n+ i, which satisfy / n/m o 7] m = r\ n when n -< m, there exists a 
unique * -homomorphism tjj from B to Cqo such that / ni00 ° ip = Tj n for each 
n G N. 
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This is an essentially new universal property of Ooo. About other universal 
properties of O^ , see Chapter 7 of [12] . 

Remark 1.15 (i) Here we discuss the choice of notations. Both nota- 
tions O n and R n are useful in different situations. The standard no- 
tations 02,03,... are used in the construction of C*-bialgebra [27] , 
With respect to the standard notations of Cuntz algebras, the order ^ 
in (|1.3p can be rewritten as follows: A new order <C on the set N>2 = 
{2,3,4, ...} is defined as "n<mifn-l r<m-l," or G N.'~Let 

9n,m 

= /n-i,m-l for ra, m G N> 2 . Then {(O 

n,9n,m) '■ n,7Tl (z N> 2 } IS 

an inverse system over the directed set (N>2,<C) which is isomorphic 
to the inverse system {(R n , f n ,m) '■ n,m G N} over (N, ■<). By using 
(N>2,<C), the formula (jl.ip makes sense. 

(ii) In "otherwise" in (|1.16p . we assume that A is neither a cofinal nor a 
totally ordered subset of (N, X). 

(iii) We consider inverse systems of C*-subalgebras of Cuntz algebras in 
Theorem 11.101 Let ^ n+l ^ and ?/ n+1 ) denote the £7(l)-gauge action 
and the standard torus (=T n+1 )-action on O n+ \, respectively. Let 
A n and C n denote the fixed-point subalgebras of O n +i with respect to 
j{n+l) anc j ^(n+l)^ reS p ec tively: 

A, = (O n+ i) t/ W, C n = (O n+1 ) Tn+ \ (1.18) 

Then we see that f n ,m(Am) (jL A n even if n X m, but f n ,m{Cm) C C n . 
In this way, {(C n , f n ,m\c m ) '■ n,rn G N} is an inverse system of unital 
abelian C*-algebras over (N, ^). Since f n ,m\c m is also injective and 
unital, \^m{C n , fn,m\c m ) is also a unital abelian C*-algebra. 

(iv) As analogy with previous works of inductive limits \2>2\ [33"1 140] . the 
classification of inverse limits of Cuntz algebras is an interesting prob- 
lem. In the case of inductive limits, classification theorems are given 
by using ET-theory. On the other hand, it seems that .ff -theory is no 
use for the case of inverse limits, which will be shown in § 11.51 In order 
to consider the problem, concrete examples are not sufficient yet. We 
will show other example of inverse system which limit is not a Cuntz 
algebra in § 13.11 

(v) In the proof of "3.11 COROLLARY" in [12], O^ is written as an 
inductive limit of C*-subalgebras of C n 's as follows: For n > 1, let 
C*(s^ n+1 ' ) , . . . , Sn™"'" 1 '') denote the C*-subalgebra of O n +i generated by 
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4 n+1) , • • • , 4 n+1) without a %£\ Remark C*(4™ +1) , . . . , s£ +1) ) ? O n 
because Kq(C*(s ( ( 1+1 \ . . . , s^ 1 ^)) = Z. Then it is identified with 
a C*-subalgebra of C*(s^ +2 \ . . . , s<£ 2) ) by ^(4" +1) ) = S , (n+2) for 

i = 1, . . . , n. Then the inductive system {(C*(s^ l+1 \ . . . , Sn™ +1 ^), in) : 
n > 1} over the directed set (N, <) is obtained: 

cr(s?) c c*(4 3) ,4 3) ) c c*(4 4) ,4 4) ,4 4) ) c - , (i.i9) 

and its inductive limit is isomorphic onto 0oo : 

hmC'*(4 ri+1) ,... J 4 n+1 ))^O 0O . (1.20) 
This is quite a contrast to our result. 

1.5 Discontinuity of K 

We discuss the (dis-) continuity of -Ko-f unc t° r of C*-algebras as an answer 
to Question ll.6( iii) . Related to the question of the continuity of i^o-functor 
with respect to the inverse limit, we could not find similar results in the 
standard textbooks [U [Ml EJ US]- In § 3 of [38], the inverse limit for 
representable .ff -theory is considered for er-C*-algebras as the Milnor lim 1 - 
sequence. However, it is assumed that all maps in the inverse system are 
surjective ("3.2 THEOREM", [38]). Hence it is no use for our example. 

1.5.1 Profinite groups 

In order to discuss K- groups of inverse limits of Cuntz algebras, we recall 
basic examples of profinite group (especially, they are procyclic groups (|39j. 
§ 2.7)) as follows. Let (N, <) be as in (jl.3p . For n, m 6 N, if n ^ m, then 
the natural projection from Z/mZ onto Z/nZ induces an inverse system 
{Z/nZ : n 6 N} of finite cyclic groups (especially, they are rings) over 
(N,^). It is well-known that the inverse limit Z of {Z/nZ : n G N} is 
called the Priifer ring [35] : 

Z = limZ/nZ. (1.21) 

Remark Z ^= Z. For a fixed prime number p, the subset {p n : n > 1} of 
N is a directed subset of (N, ^) which is not cofinal. For the subsystem 
{Z/p n Z : n > 1} of {Z/nZ : n € N}, the pro-p group Z p is defined as 
follows [39] : 

Z p = limZ/p n Z. (1.22) 

Remark that Z p is identified with a uncountable proper subgroup of Z ([39], 
Exercise 2.1.8). 
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1.5.2 A'o-functor is not continuous with respect to the inverse 
limit 

It is well-known that the .Ko-functor of C*-algebras is continuous with re- 
spect to the inductive limit as the following sense [S]: 

K (\ix^A n ) * lirnKo(^n). (1-23) 

Since lim A n is always a C*-algebra for any inductive system, (jl.23p holds 
for any inductive system of C*-algebra. On the other hand, the inverse limit 
of C*-algebra is not always a C*-algebra. Hence (standard) A'-groups can 
not be defined on a pro-C*-algebra in general. (iT-groups are generalized 
for o--C*-algebras [38], see also Q31 HQ 07].) 

From (jl.ip . the ifo-group of bjn O n is well-defined. Then the following 
holds: 

K (\jmO n ) ^ i^o(Coo) = Z £ Z = limZ/nZ ^ ljmK (O n ). (1.24) 

This shows that Ao-functor is discontinuous with respect to the inverse limit 
even if the limit is a C*-algebra. Since Z is the profinite completion of Z [35], 
the profinite completion of if q (lim O n ) coincides with lim Kp(O n ). However 
the profinite completion of KqQ^cd. O p n + i) = Kq(Ooo) does not coincide with 
lim K{){O v n + i) = Z p from Theorem I1.13f ii) and (jl.22p . Hence the profinite 
completion does not always recover the continuity of the i^o-functor with 
respect to the inverse limit. 

In § O we will prove Theorem 11.101 and Theorem 11.131 In § O we will 
show examples. 

2 Proofs of main theorems 

In this section, we prove main theorems in § [TJ 
2.1 Proof of Theorem flTTOl 

In this subsection, we prove Theorem 11.101 By simple calculation, both (i) 
and (ii) are directly verified from (|1.9|) and (jl.lOp . In order to prove (iii), 
we recall a lemma. 

Lemma 2.1 (i) Let A and B be unital C* -algebras and let p be a unital 
*-homomorphism from A to B. If B is simple and there exists an 
irreducible representation ir of B such that tt o p is also irreducible, 
then p is irreducible. 
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(ii) Let {sf 1 } denote Cuntz generators of O n for 2 < n < oo. Fix 
i € {l,...,n}. Then there exists a unique state lo on O n such that 
lo(s^) = 1. Furthermore, lo is pure. 

Proof, (i) This holds from Proposition 3.1 in [28]. 

(ii) The uniqueness holds by Cuntz relations. Let ("H^, vr^, denote the 
GNS triple by lo. By definition, we see tt^ (s\ n) )n w = n„. From [HI nsi nm, 
such a cyclic representation 7r w exists and is irreducible. Hence lo is pure. | 

Let Lo n denote the state on R n = O n+ \ such that 

Lo n (sf +1) ) = 1. (2.1) 

From Lemma [2. 1( h). the GNS representation 7r n by Lo n is irreducible. When 
n < m, we can verify oo n o f n m = co m because / n .,m('Si m+1 ^) = s^ +1 \ Hence 
^n°/n,m is unitarily equivalent to 7r m , and vr n o/ n m is also irreducible. From 
this and Lemma l2.1( i). Theorem II . 10( iii) is proved. 

2.2 Proof of Theorem [TTT31 

In this subsection, we prove Theorem 11.131 except a certain equality of C*- 
subalgebras, which will be proved in § 12.31 

In order to reduce the problem, we show a lemma. A subset E of a 
directed set (D, <) is cofinal if {e € D : e > d} n E ^ for any d € D. In 
this case, it is known that hjm^. Ad = ^im D Ad for the subsystem {(Ad, ^>d,e) ■ 
d, e € E} of the inverse system {(Ad, (fd,e) '■ d,e £ D} over (D,<). Then 
the following lemma holds. 

Lemma 2.2 For any countable directed set (D, <), there exists a totally 
ordered cofinal subset Dq of D. 

Proof. If the maximal element oo of D exists, then let Dq = {lo}. If not, 
let D = {x\,X2, • • •}, where we do not assume x\ < x% < ■ ■ ■ . Then we 
can inductively construct a subsequence yi,V2,--- of x\,Xi,-- - as follows: 
Let yi = x\. For n > 2, there always exists z € D such that y n _i < z and 
x n < z. Choose such an element z and define y n = z. Then Dq = {yi,y2, • • •} 
is a totally ordered cofinal subset of D. I 

For example, {n! : n S N} is a totally ordered cofinal subset of (N, ^). 
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Proof of Theorem 1 1.13[ (i) Here we will prove the statement except a cer- 
tain equality. Prom Fact ll.8fi ii). 0(A) is a C*-algebra. By the standard 
construction in (|1.6p . 0(A) is given as follows: 

{(x m , x n2 , . . .) 6 JJ R nk ■ fn k , ni (x nt ) = x nk for each k < I}. (2.2) 

fc>i 

Define the set {Q n : 1 < n < oo} of C*-subalgebras of R± by 

Qn = fl,n{ R n) (1 < Tl< oo), Qoo = /l.oo(Ooo)- (2-3) 

Then we see that Qi = -Ri = 02, Qn — Rn = 0n+i when 1 < n < 00, 
and Q-m C Qn when n < m from Theorem ll.lOf i). On the other hand, 
from (jl.lip . C Q n for each n > 1. Since ni H 77,2 ^ • • • , we obtain the 
following unital inclusions 

02 = Ql D Q m ^ Qn 2 D Qn 3 D • • • D Qoo- (2.4) 
Define 7ri = /i, ni o n nt . Then we see that 

tti(0(A)) = fl Q n . (2.5) 

neA 

Since vri is injective, 0(A) and DneA are *-isomorphic, and the map 
/i,oo : 0oo — ^ PlneA Q n * s w ell-defined. In consequence, we see that the 
following diagram is commutative: 

Figure 2.3 ^ A 

0oo 0(A) 




nGA 

In order to prove the bijectivity of ^a, it is sufficient to show the 
bijectivity of /i itx >- Since /i i00 is an injective *-homomorphism, it is sufficient 
to show that 

Qoo = n Qn- (2.6) 

nGA 
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We will prove flSjH) in § ECU 

(ii) When there exists the maximal element of A, the statement holds from 
Fact ll.9f ii). Assume that A has no maximal element. In this case, it is 
sufficient to assume the condition in (i) for A by Lemma 12.21 Hence the 
statement holds from (i). I 



2.3 Proof of flUU) 

From the proof of Theorem , the problem is reduced to the relation 

(123]) among C*-subalgebras {Q n : 1 < n < oo} of Qi(= Ri = 2 ) in flZ3]). 
In this subsection, we prove ([2. 61) . 

2.3.1 Inclusions of free subsemigroups of Qi 

In this subsubsection, we consider free subsemigroups of Qi and their re- 
lations. We rewrite the Cuntz generators of Qi as ti,t 2 here. Let S(X) 
denote the subsemigroup of Q\ generated by a subset X of Q\. Define 
subsemigroups K. n ,C n of Q\ as 



' /c„ = 


S(m) (l<n<oo), 




S({h,t 2 }), 


< 

r = 

*-"n — 


S({t 1 ,t 2 t 1 ,...,t%- 1 t 1 ,t%}) (2 < n< oo) 


r = 


S({ti,t^h : m > 1}). 



For each n > 1, K n is abelian, and C n is a (non-unital) free semigroup of 
rank n + 1 [22]. Both /C n and £„ are subsemigroups of Q n . If m -< n, then 
/C„ C fC m and £ n C C m . For each n > 1, C n D £oo. Furthermore, we see 
that 

/C n = {t^tlVlV..}, £ O0 = {ri i: xeA} = Ati- (2.8) 

Hence /C n n /loo = 0- 

Since C\ = L\t\ U £1^2 with respect to the ending of each word, the 
decomposition C n = (C n PI C\t\) U (£„ n £1*2) holds. Let Y n = {u,xu : 
x £ £oo, n G /C n }. Then £ n n £1*2 = Y n and £ n PI C\t\ = Coo. Hence the 
following decomposition into disjoint subsets holds: 

C n = C 00 UY n (2<n<oo). (2.9) 
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2.3.2 Decomposition of algebras into linear subspaces 

Let IC n ,C n be as in (|2.7|) . From definitions of Q n and {f n ,m, /n,<x> ■ n,m E 
N}, we see that 

Q n = C*(C n ) (1 < n < oo) (2.10) 

where C*{X) denote the C*-subalgebra of Qi generated by a subset X of 
Q\. As closed linear subspaces of Q\, QnS can be written as follows: 

{Q n = Lin({a;y* :x,yE £„}} (1 < n < oo), 
(2.H) 
Qoo = Lin({J, xy* :x,y£ Coo}). 

Remark that vectors in each generating set in (|2.1ip are not always linearly 
independent because of Cuntz relations. 

Lemma 2.4 (i) For n > 1, (t 2 ) n {t* 2 ) n = I- ^^"q (t 2 ) (^) fc • 

(ii) Define closed linear subspaces V n and V* of Q n by 

V n = Lm{{u,xu,xuy* : x,y G Coo, u E /C„}), V* = {x* : x G K}- 

(2.12) 

T/ien K C F m and V* C w/ien m ■< n, V n n V£ = V n n Q^o = 

v^nQoo = {o}. 

(iii) For u,v E K. n and x, y E £oo, xuv*y* E Qoo © K © KT- 

(iv) For eac/i n > 1, i/ie following decomposition of Q n into closed linear 
subspaces holds: 

Qn = Qoo(BV n ®V*. (2.13) 

(v) For A *n Theorem EH^, f\ eA K = flneA V* = W • 

Proof, (i) By the Cuntz relations of Qi = ©2; the statement holds. 

(ii) By definition, the statement holds. 

(iii) From (ii), Qoo® Vn®V* makes sense as a subspace of Q n . liu = v, then 
xuv*y* G Qoo from (i) and (|2.1ip . Furthermore, from (i), ^ (^2*)* = 
tf ~ ^(Zj^o 1 4*1*1 m) 3 ) G y n © Qoo for / > 1. Hence the statement also 
holds for the case u ^ v. 

(iv) From (ii), Q n D Qoo ffi © V^. Since Q n is the closure of the linear 
space spanned by the set 

M n = {x, x*, xy* :x,y£C n } (1 < n < oo), (2.14) 
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it is sufficient to show that M. n is a subset of Qoo @V n @V*. From (j2.9|) . 
A4 n is decomposed into the disjoint union as follows: 

M n = {x, x*,xy* : x, y G U Y n ) = M n ,i U .M n ,2, 
M n ,i = {x, x*,xy* :x,ye £«,}, (2.15) 
■Mn,2 = {«, «*, -u-u*, x-u*, ux* : x 6 £oo, u, v G Y^}. 



Since Qoo — Lin(.A/( n ^ U {-^}), it is sufficient to show that J^-n^i 

is a subset 

of Qoo K T/*. By the definition of Y n in f^]> . 
A4n,2 = M n ,2,l U -M n ,2,2, 
Mn,2,i = {w, u*,xu, (xu)* : x G Coo, u G /C„}, (2.16) 
-M n ,2,2 = {xuy*,xu*y*,xuv*y* : x, y G £oo, u, u G /C n }. 

Then -M n , 2 ,i CV„® F n * by definition. From (iii), M n ,2,2 C Qoo © K F n *. 
Hence 7W n , 2 C Qoo © K © K*- 
(v) By definition, 

K = Lin(/C n ) Lffi(£^ • IC n ) Lffi(£^ • /C n • C*^) (2.17) 

where £^ = {x* : cc G £00} • By assumption, A is an infinite subset of N. 
Hence flneA^n = From this ' ^T71) and (i), 

f| V n = P| Lin(/C n ) f| Lffi(£^ • /C n ) © P| LiniCoo ■ K~ n ■ £*J = {0}. 

neA neA neA neA 

(2.18) 

In a similar way, we obtain HneA ~Ki = {0}- Hence the statement holds. | 
From Lemma l2.4f iv) and (v), 

P| Qn = Qoo ©(f| K)©(f| V*) =Qoo- (2.19) 

neA ngA ngA 

Hence (|2.6p is proved. 

3 Examples 

In order to explain theorems in § [I] more, we show examples in this section. 
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3.1 Other inverse system 

In this subsection, we show other example of inverse system of Cuntz alge- 
bras. Let s^, . . . , sl"^ denote the Cuntz generators of O n . Fix an integer 
r > 2. Let r n = r 2 ™ 1 and rewrite O rn as 

A r>n = O rn (n > 1). (3.1) 

Then r 2 = r n+ \ for n > 1. Define the *-homomorphism q n from A r ^ n+ \ to 
A r<n by 

^C-^D+i) - s ? n) 4 rn) (<,i = l,-..,r„). (3.2) 

Then {(^4 r ,n 5 9n) : n > 1} is an inverse system of Cuntz algebras over the 
directed set (N, <). 

Remark A r ^ n = Or Tn _u + i for n > 1. Here we verify Fact ll.9f i) for the 
sequence {r n — 1 : n > 1}. Define the map i* 1 from (N, <) to (N, ^) by 

F(n) = r„-1 (neN). (3.3) 

Then F(n) = r n -\< (r 2 " -1 - l)(r 2?l_1 + 1) = r 2 " - 1 = F(n + 1). Exactly, 
the map F satisfies the statement in Fact 11.9( 1) . 

Proposition 3.1 The inverse limit Km A r _ n of {{A r ^ n ,q n ) : n £ N} is *- 
isomorphic onto the uniformly hyperfinite algebra U HF r of the Glimm type 
{r l :l> 1} HQ/: 

hrn^n = UHF r . (3.4) 

n 

Proof. Let 7 denote the [/(l)-gauge action on O r = O ri = A rt %. For / E Z, 
define 

A^l = {x£ A,i : lz{x) = z l x for all z € 17(1)}. (3.5) 

Rewrite the Cuntz generators of O r = O ri as t\, . . . , t r . By identifying A r ^ n 
with the C*-subalgebra (qioq^o- ■ • og n _ 1 )( J 4 rn ) of A r ^i, ^4 rjn 's are rewritten 
as follows: 

A r , n = C*({tj: J€{l,...,r} 2n "}) (n>l) (3.6) 

where tj = tj 1 ■ ■ ■ tj m for J = (ji, . . . , j m ). Then we obtain the following 
unital (rapidly decreasing) inclusions: 

A r>1 d A r , 2 d A,3 ^ • • • • (3.7) 

Define 

4^ = A rjn n4°i (i€Z,n>l). (3.8) 
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Then A^ n+1 C Ar} n for each n,l, and Ar} n is the closure of Lin({tjt^- : 
J,KE LWl, • • .,rr^ n -\ \J\ - \K\ = I}). When I ± 0, f] n >i A r% = {0} 
because A$ n = {0} if 2™" 1 f Z. Since A r , n = ©, 6Z i4$, and A^ +l = A$ 
for each n, lim n ,4 r>n ^ f\>i A r,n = 4°i UHF r . | 

Since Kq(U HF r ) is the group Z( r <x>) C Q of all rational numbers whose 
denominators divide the generalized integer r°° (§ 7.5, [5]), we see that 



ifo(|mi,«) = K (UHF r ) * Z (r oo), 
hmK (A,n) = limif (aj = l^nZ/(r n - 1)Z. 



(3.9) 



The former is countable, but the latter is not. This case also shows that the 
A'o-functor is discontinuous with respect to the inverse limit. 

3.2 Illustrations of embeddings 

In this subsection, we illustrate embeddings in fjl .9|) by using decomposi- 
tions of Hilbert spaces. When O n acts on a Hilbert space, by identifying 
a generator Si with the range of Si, the following illustration is helpful in 
understanding s±, . . . , s n : 

Figure 3.2 



H 



Recall that #1 = 2 , R2 = O3, Ra = 5 . Then f 1<2 , /i, 4 , / 2 ,4 in (fL9D 
are given as follows: 

fi,2 ■ R2 — >• R\\ 

f f c (3h (2) - , (3)x _ (2) (2) - / (3)x _ / (2)s 2 /o ln \ 
/l,4 : i?4 — > -Ri; 

/m(4 5) ) = 4 2 \ / M (4 5) ) = 4 2) 4 2 \ /m(4 5) ) = (4 2) ) 2 4 2) , o-n) 
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/M (4 5) ) = (4 2) ) 3 4 2) , a, 4 (4 5) ) = (4 2) ) 4 - (3.i2) 

/2,4 : Ra — >■ -R2; 

/2,4(.Si J — Si , 72,4^2 ) — S 2 J 72,4 ( s 3 > ~ S 3 S l > (3.13J 

f f„(6K _ (3) (3) , , (5)x _ / (3)v2 /o 14 \ 

J2,4(S 4 J - S 3 S 2 , /2,4(S 5 j - (S 3 ) . (3.14) 

From these, we can directly verify the identity f\p ° /2,4 = /i,4- 

From Figure l3T2| inclusions O2 D O3 D O5 by embeddings fi t 2 and /2,4 
are illustrated as follows: 




By using a more rough analogy, Figure 13.31 shows that an embedding is 
represented as a refinement of a partition of a unit interval in the real line 
R. Then relations of inverse system in Theorem I1.10( i) mean that the set 
of such refinements is a directed set. 
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